Introduction
The equations describing fluid flow and heat transfer in forced convection are complicated by being nonlinear. These nonlinearities arise from the inertial and convective terms in the momentum and energy equations, respectively. From a mathematical point of view, the presence of the pressure gradient term in the momentum equation for forced convection further complicates the problem. The energy equation depends on the velocity through the convective terms and, as a result, is coupled with the momentum equation.
Because of these mathematical difficulties, the theoretical investigations about fluid flow around and heat transfer from circular cylinders have mainly centered upon asymptotic solutions. These solutions are well documented in the open literature and are valid for very large ͑Ͼ2 ϫ 10 5 ͒ and small ͑Ͻ1͒ Reynolds numbers. However, no theoretical investigation could be found that can be used to determine drag coefficients and average heat transfer from cylinders for low to moderate Reynolds numbers ͑1-2 ϫ 10 5 ͒ as well as for large Prandtl numbers ͑ജ0.71͒. For this range of Reynolds numbers and for selected fluids, there has been heavy reliance on both experiments and numerical methods. These approaches are not only expensive and time consuming but their results are applicable over a fixed range of conditions.
Unfortunately, many situations arise where solutions are required for low to moderate Reynolds numbers and for fluids having PrϾ 0.71. Such solutions are of particular interest to thermal engineers involved with cylinders and fluids other than air or water. In this study a circular cylinder is considered in cross flow to investigate the fluid flow and heat transfer from a cylinder for a wide range of Reynolds and Prandtl numbers.
A review of existing literature reveals that most of the studies related to a single isolated cylinder are experimental or numerical. They are applicable over a fixed range of conditions. Furthermore, no analytical study gives a closed form solution for the fluid flow and heat transfer from a circular cylinder for a wide range of Reynolds and Prandtl numbers. At most, they provide a solution at the front stagnation point or a solution of boundary layer equations for very low Reynolds numbers. In this study, a closed form solution is obtained for the drag coefficients and Nusselt number, which can be used for a wide range of parameters. For this purpose, the Von Karman-Pohlhausen method is used, which was first introduced by Pohlhausen ͓1͔ at the suggestion of Von Karman ͓2͔ and then modified by Walz ͓3͔ and Holstein and Bohlen ͓4͔. Schlichting ͓5͔ has explained and applied this method to the general problem of a two-dimensional boundary layer with pressure gradient. He obtained general solutions for the velocity profiles and the thermal boundary layers and compared them with the exact solution of a flat plate at zero incidence.
Analysis
Consider a uniform flow of a Newtonian fluid past a fixed circular cylinder of diameter D, with vanishing circulation around it, as shown in Fig. 1 . The approaching velocity of the fluid is U app and the ambient temperature is assumed to be T a . The surface temperature of the wall is T w ͑ϾT a ͒ in the case of the isothermal cylinder and the heat flux is q for the isoflux boundary condition. The flow is assumed to be laminar, steady, and two-dimensional. The potential flow velocity just outside the boundary layer is denoted by U͑s͒. Using order-of-magnitude analysis, the reduced equations of continuity, momentum and energy in the curvilinear system of coordinates ͑Fig. 1͒ for an incompressible fluid can be written as: Continuity:
͑2͒
-Momentum:
Bernoulli equation:
Energy: 
Velocity Distribution. Assuming a thin boundary layer around the cylinder, the velocity distribution in the boundary layer can be approximated by a fourth order polynomial as suggested by Pohlhausen ͓1͔:
where 0 ഛ H = / ␦͑s͒ ഛ 1 and is the pressure gradient param-
With the help of velocity profiles, Schlichting ͓5͔ showed that the parameter is restricted to the range −12ഛഛ12.
Temperature Distribution. Assuming a thin thermal boundary layer around the cylinder, the temperature distribution in the thermal boundary layer can be approximated by a third order polynomial
for the isothermal boundary condition and
for the isoflux boundary condition.
Boundary Layer Parameters. In dimensionless form, the momentum integral equation can be written as
where ␦ 1 and ␦ 2 are the displacement and momentum boundary layer thicknesses. By solving the momentum integral equation, Khan ͓6͔ obtained the local dimensionless boundary layer and momentum thicknesses:
where Re D is the Reynolds number, defined as
and is the pressure gradient parameter, whose values are obtained corresponding to each position along the cylinder surface. These values were fitted by the least squares method and given by Khan ͓6͔ . Using analytical definition of the point of separation, Khan ͓6͔ obtained the angle of separation as s = 107.71 deg, that depends on the velocity distribution inside the boundary layer. This angle of separation is in close agreement with Schöenauer ͓7͔ ͑=104.5 deg͒, Schlichting ͓5͔ ͑109.5 deg͒, Žukauskas and Žiug-žda ͓8͔ ͑105 deg͒ and Churchill ͓9͔ ͑108.8 deg͒.
Fluid Flow. The first parameter of interest is fluid friction which manifests itself in the form of the drag force F D , where F D is the sum of the skin friction drag D f and pressure drag D p . Skin friction drag is due to viscous shear forces produced at the cylinder surface, predominantly in those regions where the boundary layer is attached. In dimensionless form, it can be written as
The friction drag coefficient can be defined as
Since the shear stress on the cylinder surface after boundary layer separation is negligible, the second integral will be zero and the friction drag coefficient can be written as
Pressure drag is due to the unbalanced pressures which exist between the relatively high pressures on the upstream surfaces and the lower pressures on the downstream surfaces. In dimensionless form, it can be written as
where C p is the pressure coefficient and can be defined as
The pressure difference ⌬P can be obtained by integrating -momentum equation with respect to . In dimensionless form, it can be written as
So, the pressure drag coefficient for the cylinder up to the separation point will be
The total drag coefficient C D can be written as the sum of both drag coefficients 
͑26͒
Using velocity and temperature profiles Eqs. ͑10͒ and ͑12͒, and assuming = ␦ T / ␦ Ͻ 1, Eq. ͑26͒ can be simplified to where the functions f 1 ͑͒ and f 3 ͑͒ are given by
and
The local heat transfer coefficients, for the isothermal boundary condition, in both the regions can be written as
Thus the dimensionless local heat transfer coefficients, for both the regions, can be written as for region II ·
͑35͒
The average heat transfer coefficient is defined as
The integral analysis is unable to predict heat transfer values from separation point to the rear stagnation point. However, experiments ͑Žukauskas and Žiugžda ͓8͔, Fand and Keswani ͓11͔, and Nakamura and Igarashi ͓12͔ among others͒ show that, the heat transfer from the rear portion of the cylinder increases with Reynolds numbers. From a collection of all known data, Van der Hegge Zijnen ͓13͔ demonstrated that the heat transferred from the rear portion of the cylinder can be determined from Nu D = 0.001 Re D that shows the weak dependence of average heat transfer from the rear portion of the cylinder on Reynolds numbers. In order to include the share of heat transfer from the rear portion of the cylinder, the local heat transfer coefficients are integrated upto the separation point and averaged over the whole surface, that is
Using Eqs. ͑30͒-͑34͒, Eq. ͑37͒ can be solved for the average heat transfer coefficient which gives the average Nusselt number for an isothermal cylinder as
͑38͒
For the isoflux boundary condition, the energy integral equation can be written as
Assuming constant heat flux and thermophysical properties, Eq. ͑39͒ can be simplified to
Pr ͑40͒
Rewriting Eq. ͑40͒ for the two regions in the same way as Eq.
͑27͒, one can obtain local thermal boundary layer thicknesses ␦ T 1 and ␦ T 2 under isoflux boundary condition. The local surface temperatures for the two regions can then be obtained from temperature distribution
The local heat transfer coefficient can now be obtained from its definition as
which give the local Nusselt numbers for the cross flow over a cylinder with constant flux 
ͮ ͑46͒
The same values were obtained by Khan ͓10͔ as a limiting case of an elliptical cylinder.
Results and Discussion
Flow Characteristics. The dimensionless local shear stress, Fig. 2 . It can be seen that C f is zero at the stagnation point and reaches a maximum at Ϸ 58 deg. The increase in shear stress is caused by the deformation of the velocity profiles in the boundary layer, a higher velocity gradient at the wall and a thicker boundary layer. In the region of decreasing C f preceeding the separation point, the pressure gradient decreases further and finally C f falls to zero at = 107.7°, where boundarylayer separation occurs. Beyond this point, C f remains close to zero up to the rear stagnation point. These results are compared with the experimental results of Žukauskas and Žiugžda ͓8͔ and the numerical data of Schönauer ͓7͔. Schönauer ͓7͔ data is in good agreement for the entire range, whereas, Žukauskas and Žiugžda ͓8͔ results are in good agreement for the front part of the cylinder only. This is probably due to high Reynolds numbers used in experiments.
The variation of the total drag coefficient C D with Re D is illustrated in Fig. 3 for an infinite cylinder in air. The present results are compared with the experimental results of Wieselsberger ͓14͔ as well as numerical data of Sucker and Brauer ͓15͔ and Niuwstadt and Keller ͓16͔. The present results are in good agreement except at Re D =2ϫ 10 3 , where a downward deviation ͑23.75%͒ in the experimental results was noticed. No physical explanation could be found in the literature for this deviation.
Heat Transfer Characteristics. The comparison of local Nusselt numbers for the isothermal and isoflux boundary conditions is presented in Fig. 4 . The isoflux boundary condition gives a higher heat transfer coefficient over the larger part of the circumference. On the front part of the cylinder ͑up to Ϸ 30 deg͒, there is no appreciable effect of boundary condition. Empirical correlation of Kreith ͓17͔ as well as experimental data of Nakamura and Igarashi ͓12͔, van Meel ͓18͔ and Giedt ͓19͔ are also plotted to compare the analytical distribution of local heat transfer coefficients for isothermal boundary condition. The integral analysis of the boundary layer gives higher local heat transfer coefficients ͑around 15%͒ Transactions of the ASME over the entire circumference of the cylinder. This discrepancy is probably due to the assumed velocity and temperature profiles in the boundary layer.
The results of heat transfer from a single isothermal cylinder are shown in Fig. 5 , where they are compared with the experimental data of Hilpert ͓20͔, King ͓21͔, Hughes ͓22͔, Kennely and Sanborn ͓23͔, and Žukauskas ͓24͔. Good agreement is observed in the entire laminar flow range except in the subcritical range. The discrepancy increases as the Reynolds number increases. This discrepancy is probably due to the effect of free-stream turbulence or vortex shedding in actual experiments. It was demonstrated by Kestin ͓25͔, Smith and Kuethe ͓26͔, Dyban and Epick ͓27͔, and Kestin and Wood ͓28͔ that the heat transfer coefficient increases with turbulence intensity and that this effect is more intense when the Reynolds number is higher. In the present analysis these effects are not included, so the discrepancy can be observed clearly in Fig. 5 for higher Reynolds numbers. Average Nusselt numbers for the isoflux boundary condition are compared in Fig. 6 with the experimental/numerical results. The average Nu D values are found to be in a good agreement with both numerical results of Krall and Eckert ͓29͔ and Chun and Boehm ͓30͔. However, the experimental results of Sarma and Sukhatme ͓31͔ are found to be higher ͑Ϸ8%͒.
Summary
An integral approach is employed to investigate the fluid flow and heat transfer from an isolated circular cylinder. Closed form solutions are developed for both the drag and heat transfer coefficients in terms of Reynolds and Prandtl numbers. The correlations of heat transfer are developed for both isothermal and isoflux boundary conditions. It is shown that the present results are in good agreement with the experimental results for the full laminar range of Reynolds numbers in the absence of free stream turbulence and blockage effects. Greek Symbols ␣ ϭ thermal diffusivity ͑m 2 /s͒ ␦ ϭ hydrodynamic boundary-layer thickness ͑m͒ ␦ 1 ϭ displacement thickness ͑m͒ ␦ 2 ϭ momentum thickness ͑m͒ ␦ T ϭ thermal boundary layer thickness ͑m͒ ϭ distance normal to and measured from the surface of the circular cylinder ͑m͒ ϭ pressure gradient parameter ϭ absolute viscosity of the fluid ͑N s/m 2 ͒ ϭ kinematic viscosity of the fluid ͑m 2 /s͒ ϭ density of the fluid ͑kg/ m 3 ͒ ϭ shear stress ͑N/m 2 ͒ ϭ angle measured from front stagnation point ͑rad͒ 
